In a previous paper [4] we generalized the Rogers-Ramanujan identities by proving formulas for the Carlitz q-Fibonacci polynomials F n ðtÞ which reduce to the finite version of the Rogers-Ramanujan identities obtained by I. SCHUR for t ¼ 1. The q-Fibonacci polynomials can be interpreted as the weight of a set of lattice paths in R 2 which are contained in the strip À2 y 1. In this paper we extend these results to lattice paths contained in more general strips. We determine the recursions satisfied by the corresponding polynomials and derive identities of the Rogers-Ramanujan type which are related to some identities by KIRILLOV [6] and FODA and QUANO [5].
Introduction
In a previous paper [4] we proved a finite version of the identity For t ¼ q ¼ 1 some of these results have already been proved in [3] . For t ¼ 1 these chains also occur via BAILEY's lemma (cf. [7] ). I want to thank OLE WARNAAR for some useful remarks concerning the fermionic form of a k ðn; t; qÞ.
The Combinatorial Background
We consider lattice paths in R 2 of finite length, which start at the origin (0, 0), where at each step only two moves are allowed, a northeast move ði; jÞ ! ði þ 1; j þ 1Þ and a southeast move ði; jÞ ! ði þ 1; j À 1Þ. Define a peak as a vertex preceded by a northeast step and followed by a southeast step, and a valley as a vertex preceded by a southeast step and followed by a northeast step. The height of a vertex is its y-coordinate. The peaks with height at least 1 and the valleys with height at most À2 are called extremal points. Let DðvÞ be the set of the x-coordinates of the extremal points of the path v. Let ð1:3Þ
In accordance with the language used by physicists we call (1.2) the ,,bosonic'' representation of the polynomial a k ðn; t; qÞ.
For the form of the corresponding ''fermionic'' representation I am indebted to OLE WARNAAR. Theorem 1.1 (O. WARNAAR). The ''fermionic'' representation of a k ðn; t; qÞ is given by a k ðn; t; qÞ ¼ X
For t ¼ 1 by the q-Vandermonde formula this theorem simplifies to a polynomial identity of FODA and QUANO [5] and KIRILLOV [6] :
In order to prove this we give first another lattice path representation of a k ðn; t; qÞ. Lemma 1.1. a k ðn; t; qÞ is the weight of the set of all non-negative lattice paths starting at (0, 0) and ending in (n, 0), where besides a northeast move ði; jÞ ! ði þ 1; j þ 1Þ and a southeast move ði; jÞ ! ði þ 1; j À 1Þ also a horizontal move ði; 0Þ ! ði þ 1; 0Þ is allowed and the maximal height of the peaks is k. Here the weight of a vertex is q m t where m is its x-coordinate and the weight of a path is defined as the product of the weight of its peaks.
It is easy to find a bijection between these two lattice path models. Starting from the first model we map a northeast move from ði; À1Þ ! ði þ 1; 0Þ and a southeast move from ði; 0Þ ! ði þ 1; À1Þ into a horizontal move ði; 0Þ ! ði þ 1; 0Þ. The nonnegative paths remain the same and the negative paths from ði; À1Þ ! ð j; À1Þ are reflected on the line y ¼ À This map obviously has a unique inverse. We now follow the argument used in Lemma 2.1 of BRESSOUD [2] and apply it to our case: q k 2 ¼ q 1þ3þÁÁÁþð2kÀ1Þ is the weight of the unique path of length 2k with k peaks of height 1. The factor Â nÀk k Ã is the generating function for partitions into at most k parts or, equivalently, into exactly k parts where zeroes are permitted, each of which is n À 2k (cf. [1] ). If these parts are denoted by a 1 ! a 2 ! Á Á Á ! a k ! 0, we insert a k horizontal steps in front of the northeast step of the first peak and a j À a jþ1 horizontal steps in front of the northeast step of the ðk À j þ 1Þ-th peak. Let Fðn; n 1 ; . . . ; n kÀ1 Þ be the weight of all paths of length n, where each path has n j peaks of ''relative height'' j (for the definition see [2] ). If we replace for each peak the set consisting of the northeast path leading to the peak followed by the southeast path which leaves the peak with the set consisting of two northeast paths followed by two southeast paths (called ''volcanic uplift'' in [2] ) then we get the set of all paths of length n þ 2N 1 where each path has n Ã jþ1 ¼ n j peaks of relative
As shown in [2] , we can now insert n Ã 1 peaks of relative height 1 in all possible ways into such a path such that
A Class of Rogers-Ramanujan Type Recursions
This implies
. . . ; n k Þ: ð1:6Þ
Starting with
Fðn; kÞ ¼ q
For k ¼ 0 we have a 0 ðn; t; qÞ ¼ 1, a well-known result of I. SCHUR [8] .
For k ¼ 1 we have shown in [4] that
For t ¼ 1 this is SCHUR's finite version of the Rogers-Ramanujan identities [8] . These polynomials are a q-analogue of the Fibonacci polynomials and satisfy the recurrences a 1 ðn; t; qÞ ¼ a 1 ðn À 1; qt; qÞ þ qta 1 ðn À 2; q 2 t; qÞ and a 1 ðn; t; qÞ ¼ a 1 ðn À 1; t; qÞ þ q nÀ1 ta 1 ðn À 2; t; qÞ:
For k >1 we show that a k ðn; t; qÞ satisfies a recurrence of order 2k and determine this recurrence explicitly. Since for n<2k no path in A n;k reaches the boundary we see that Remark 1.1. Theorem 1.1 can slightly be generalized to give an extension of the whole result of FODA and QUANO [5] to arbitrary t: Let A n;k;r be the set of all lattice paths in R 2 with northeast steps and southeast steps which start at the point ð0; k þ 1 À rÞ, are contained in the strip Àk À 1 y k and end in either ðn; 0Þ or ðn; À1Þ. By a k;r ðn; t; qÞ ¼ w t ðA n;k;r Þ we denote its weight.
Then for 1 r k þ 1 we have a k;r ðn;t;qÞ¼ X
In order to prove this we shift each such lattice path one unit downward, such that the new path starts in (0, k À r). In order that the new path has the same weight as the old path we have to exchange in the new path the peaks of height 0 and the valleys of height À2. For under this map all extremal points are again mapped onto extremal points, except the peaks of height 1 which are mapped onto peaks of height 0. If we replace the latter peaks with the corresponding valleys of height À2, we get again an extremal point. On the other hand the image of a valley of height À1, which is not an extremal point, is mapped onto a valley of height À2, which is an extremal point. So we replace it with the corresponding peak of height 0, such that the weights are preserved. In this way we obtain the set of all lattice paths starting at (0, k À r) which remain in the strip Àk À 2 y k À 1. We iterate this operation till we come to the set of paths starting at (0, 0) which remain in the strip À2k þ r À 2 y r À 1. Then the computation given above leads to the bosonic form of a k;r ðn; t; qÞ.
The fermionic form follows again by induction starting with
which is equivalent with the extension of the second RogersRamanujan identity in [4] .
Some Useful Polynomials
Now we define some polynomials which we will need later. Comparing the coefficients we get the recursion dðn; k; jÞ À dðn À 1; k; jÞ À q 2j dðn À 1; k À 1; jÞ
Now it is easy to verify that dðn; k; jÞ ¼ ðÀ1Þ
To prove this observe that if we set
This gives
And this is the same as q nþ2jÀ3 d 0 ðn À 1; k À 1; j À 1Þ. Therefore d 0 ðn; k; jÞ satisfies the recurrence. Since for n ¼ 0, 1 we obviously have d 0 ðn; k; jÞ ¼ dðn; k; jÞ, the two sequences coincide.
Therefore we get the explicit formula 
ð2:3Þ
This can also be written in the form rðn; k; tÞ ¼ X k j¼maxð0;2kÀnþ1Þ
The first terms of the sequence r n ðx; t; qÞ are r 0 ¼ 0; 
We 
ð3:6Þ
For k ¼ 0 we have a 0 ðn; t; qÞ ¼ 1.
The initial values are a k ðn; t; qÞ ¼ X 
This sequence begins with
For t ¼ 1 this reduces to
The sequence a 2 ðn; t; qÞ satisfies the recurrences a 2 ðn; t; qÞ À a 2 ðn À 1; qt; qÞ À qð1 þ qÞta 2 ðn À 2; q 2 t; qÞ þ q 2 ta 2 ðn À 3; q 3 t; qÞ À q 2 tð1 À q 3 tÞa 2 ðn À 4; q 4 t; qÞ ¼ 0 and a 2 ðn; t; qÞ À a 2 ðn À 1; t; qÞ À q nÀ2 ð1 þ qÞta 2 ðn À 2; t; qÞ þ q nÀ2 ta 2 ðn À 3; t; qÞ À q nÀ2 tð1 À q nÀ3 tÞa 2 ðn À 4; t; qÞ ¼ 0:
From the second recurrence we get for t ¼ 1 the recursion a 2 ðn; 1; qÞ À a 2 ðn À 1; 1; qÞ À q nÀ2 ð1 þ qÞa 2 ðn À 2; 1; qÞ þ q nÀ2 a 2 ðn À 3; 1; qÞ À q nÀ2 ð1 À q nÀ3 Þa 2 ðn À 4; 1; qÞ ¼ 0:
If we let n ! 1 we get Comparing coefficients we see that this sequence satisfies the recursion
Proof of Theorem 3.1. Consider lattice paths with Ä n 2 Å northeast steps and Ä n þ 1 2 Å southeast steps. Let w n ðtÞ be the weight of the set of paths of length n which start at ð0; 0Þ or ð0; À1Þ. From the properties of the weight function it is clear that these weights are equal. Let w À n;k ðtÞ be the weight of those paths which begin with at least k northeast steps, w n;k ðtÞ be the weight of those paths which begin with at least k southeast steps. Let w n;k ¼ w þ n;k þ w À n;k be the weight of the set of paths which begin with at least k northeast steps or at least k southeast steps.
Consider now the set of lattice paths satisfying Àk À 1 y k. Here we have w À n;1 ðtÞ ¼ w nÀ1 ðqtÞ, because of the symmetry of the weight.
with at least k southeast steps, w À n;k ðtÞ be the weight of those paths which end with at least k northeast steps. Then with the same reasoning as above we get w þ n;k ðtÞ ¼ w þ n;kþ1 ðtÞ þ q nÀk t X kÀ2 j¼0 w þ nÀ2jÀ2;kÀj ðtÞ þ q nÀk tw nÀ2k ðtÞ:
This gives the second formula.
A Related Theorem
Let B n;k be the set of all lattice paths in R 2 which start at the origin (0, 0), consist of Ä n 2 Å northeast steps and Ä nþ1 2 Å southeast steps, and are contained in the strip Àk y k. By b k ðn; t; qÞ ¼ w t ðB n;k Þ we denote its weight.
Then for k !1 it follows in the same way as above that From this the theorem follows immediately. For the second recursion observe that for even numbers n the path ends at (n, 0) and therefore the same reasoning as above is possible.
For odd numbers n we could not find a general formula for the minimal recurrences. We have only computed the first recurrences, which are given by the following formulas:
b 2 ð2n þ 1; t; qÞ À ð1 þ q 2nÀ1 ð1 þ qÞtÞb 2 ð2n À 1; t; qÞ À q 2nÀ2 tð1 À q 2nÀ1 tÞb 2 ð2n À 3; t; qÞ ¼ 0; For k ¼ 1 we get again well-known results: It is easy to see that
In this case we have the recursion ð1 À q 2l Þdðl; 1Þ À q 2lÀ1 dðl À 1; 1Þ ¼ 0:
From the recurrence b 1 ðn; t; qÞ À ð1 þ qtÞb 1 ðn À 2; q 2 t; qÞ ¼ 0 we get
Therefore we get X jij k
For n ! 1 this becomes X jij k
For k ! 1 this gives 1
We conclude this paper by determining the fermionic form of b k ðn; t; qÞ.
Here we can apply the same argument as above. We have only to account for the fact that for the relative height k there do not appear all possibilities but only those induced by the weight [5] to arbitrary t: Let B n;k;r be the set of all lattice paths in R 2 with northeast steps and southeast steps which start at the point ð0; k þ 1 À rÞ, are contained in the strip Àk y k and end in either (n, 0) or ðn; À1Þ. By b k;r ðn; t; qÞ ¼ w t ðB n;k;r Þ we denote its weight.
Then for 1 r k þ 1 we have b k;r ðn;t;qÞ ¼ X If we know (4.5) already for k, then for r >1 it follows immediately from (1.6). For r ¼ 1 we obviously have b k;1 ðn; t; qÞ ¼ b k;2 ðn À 1; qt; qÞ from which the corresponding formula follows.
